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INTRODUCTION 
In this paper we prove some minimax theorems for functions from 
H-spaces X to topological Riesz spaces E. The structure of H-space, which 
has been inspired by recent papers of Horvath [16, 173 has been studied 
in [3-51. The proof of our first minimax theorem (Theorem 3) makes 
use of the technique that Browder applied in [7] to prove X Sion’s 
generalization [22] of Von Neumann’s minimax theorem [21]. The proof 
of the second one (Theorem 4) is based on a recent result of Ha [ 151. As 
special cases Theorems 3 and 4 contain Sion’s minimax theorem [22]. 
First, in order to prove these minimax theorems, we show some H-space 
versions of fixed point theorems which extend the results of Fan [8, 111, 
Browder [7], and Lassonde [19]. As a consequence of our fixed point 
theorems, we obtain some generalizations of the intersection theorems for 
sets with convex sections of Fan [9, 10, 121, Ha [lS], and Lassonde [19]. 
The last minimax theorem of the present paper is obtained under mild 
assumptions on functions and is a direct consequence of the fixed point 
Theorem 1. We wish to thank Professor Ky Fan for the stimulating conver- 
sations and for remarks and comments. 
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I. FIXED POINT THEOREMS 
We first recall some basic concepts in order to define the setting of this 
paper. Further details can be found in [ 16, 17, 3-51. 
An H-space is a pair (X, { rA )) where X is a topological space and { f,d } 
is a given family of nonempty contractible subsets of X, indexed by the 
finite subsets of X such that A c B implies fA c rB. A subset D of an 
H-space X is called H-convex if Ta c D holds for every finite subset A c D. 
A subset Kc X is said to be H-compact if, for every finite subset A c X, 
there is a compact H-convex set D c X such that Ku A c D. Note that the 
H-compactness introduced in [3] is used to express relaxed conditions of 
compactness in the spirit of Allen [ 1, Theorem 21, and it generalizes the 
c-compactness of Lassonde [ 191. A multifunction F: X-+X is called 
H-KKh4 if rA c u ~~ AF(x), for every finite subset A c X. Here KKM 
stands for Knaster-Kuratowski-Mazurkiewicz [ 181. 
A subset X, of a topological space X is called compactly open [compactly 
closed] if, for every compact set KC X, the set X, n K is open [closed 
respectively] in K. Given a multifunction F: X+ Y, where X, Y are 
topological spaces, we put F ’ ( y ) = (x E X: y E F(x) }. 
In this section we extend some fixed point theorems of Fan [S, 
Lemma 4; 11, Theorem 21, Browder [7, Theorem 11, and Lassonde [ 19, 
Theorem 1.11. 
THEOREM 1. Let X be an H-space, Y a topological space, and S: X+ Y 
a multifunction such that: 
(1) for every x E X, S(x) is compactly open in Y; 
(2) for every y E Y, S ‘(y) is nonempty and H-conoex; 
(3) there is an H-compact KcX such that the set Y\lJ,,,S(x) is 
compact. 
Then, for every continuous function s from X into Y there is x E X such that 
s(x) E S(x). 
Observe that in the most important case of a compact Y, condition (3) 
is automatically satisfied, so the statement of Theorem 1 becomes impler. 
In the case when X is a convex space (see [ 19, p. 1531) Theorem 1 becomes 
a result of Lassonde [ 19, Theorem 1.11. The idea of introducing a con- 
tinuous function s from X to Y, inspired by Aubin [2, p. 4001, has been 
also used by Lassonde [ 191 and Bardaro and Ceppitelli [4]. 
Proof. For every x E X, we put F(x) = Y\S(x). By (1) F(x) is compactly 
closed in Y and by (3) the set nxeK F(x) is compact. Let s be a continuous 
function from X into Y and R(x) = s- ‘(F(x)), for every x E X. The multi- 
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function R(x) is not H-KKM; otherwise, all the conditions of Theorem 1 
in [4] would be verified, so n, E x F(x) # 0 and consequently, y E Y\S(x) 
for every XE X; that is, S’(y) = 0, and that is in contradiction with (2). 
Thus, there is a finite set A c X such that r,., ct lJ.xEA R(x); that is, there 
is ZEN, such that s(z)+! UXEA F(x) and hence S(Z)E firEA S(x). This 
means that for every x E A, x E S -‘(s(z)). By (2) rA c S-‘(s(z)) and so 
z e S -‘(s(z)), i.e., s(z) E S(z). 
The following theorem, which is an equivalent formulation of 
Theorem 1, will be used later. 
THEOREM 1’. Let X be an H-space, Y a topological space, Z an arbitrary 
set, and s: X -+ Y a continuous function. Let A c Z and g: Xx Y + Z be a 
function such that 
(4) for every x E X the set ( y E Y: g(x, y) E A} is compactly open; 
(5) for every YE Y the set {XE X: g(x, y) E A} is nonempty and 
H-convex; 
(6) there is an H-compact set Kc X such that the set 
{ y E Y: g(x, y) $ A, for every x E K) is compact. 
Then there is ,? E X such that g(2, s(a)) E A. 
Proof: For every XE X we put S(x) = {YE Y: g(x, y) E A}. By (5) 
S - ‘( y) # 0 for every y E Y and so all of the assumptions of Theorem 1 are 
verified. Therefore the assertion follows. 
Note that if Y is compact condition (6) is immediately fulfilled. Let us 
remark that Theorem 1 can be proved again by using Theorem 1’. Indeed, 
under the hypotheses of Theorem 1 we apply Theorem 1’ to Z = X x Y, 
A = graph S, g(x, y) = (x, y), for every (x, y) E: Xx Y. 
A particular case of Theorem 1’ is the following corollary which 
generalizes a result of Fan [ 11, Theorem 21. 
COROLLARY 1. Let X be a compact H-space. Let A c Xx X such that: 
(7) for every x E X the set {y E X: (x, y) E A} is open; 
(8) for eoery y E Y the set {x E X: (x, y) E A } is nonempty and 
H-convex. 
Then, there is x0 E X such that (x,, x0) E A. 
Proof: Put Z = Xx X, g(x, y) = (x, y) for every (x, y) E Xx X. Then the 
conclusion easily follows from Theorem 1’. 
Remark. By adopting an idea used by Fan [ 11, Theorem 21, 
Corollary 1 can be directly derived from our minimax inequality proved in 
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[3, Theorem 41. We sketch the proof: definef: Xx X-t R by f(x, JJ) = 1 if 
(x, J?) E A and f(x, p) = 0 if (x, J)) $ A. Then, for every t E R and x E X the 
set 
{yEX:f(X, y)>t}= 
i 
if t<O 
if tbl 
{VEX: (x, ~)EA} if O<t<l 
is open in X and for every t E R and y E X the set 
{xEX:f(X, y)>t) = 
1 
; 
if t<O 
if t>l 
(x~X:(x,y)eA} if Ogt<l 
is H-convex. By Corollary 1 of Theorem 4 in [3] we have 
inf sup f(x, y) G sup f(x, x). 
VEX rsx YEX 
And, furthermore, by (8) of Corollary 1, for every y E X the set {x E X: 
(x, y)EA} is nonempty; i.e., for every YEX there is XEX such that 
f(x, y ) = 1 and so 
inf sup f(x, y) = 1 < sup f(x, x). 
VEX .X6X XE x 
(9) 
If (x, x) $ A for every x E X, then f(x, X) = 0 for every x E X and that 
contradicts (9). 
2. SOME INTERSECTION THEOREMS FOR SETS WITH H-CONVEX SECTIONS 
In this section, using the fixed point theorems of the previous section we 
prove some generalizations of the results of Ha [ 15, Theorem l] and 
Lassonde [ 19, Theorem 1.91, which in turn are generalizations of an earlier 
theorem of Fan [9, Theorem 11. From now on, we assume that every 
H-space X considered here contains at least a proper H-compact subset. So 
every finite set A c X is contained in a compact H-convex subset of X. This 
property will be used in the proofs of Theorem 2 and its consequences. 
If X, ) .**, X, are n sets, we put 
X=fp; and Bi= i x,. 
,=l j= 1 
ifi 
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The points in Xi are denoted by ji = (y,, y,, . . . . yj-, , yl+, , . . . . y,). For any 
x = (Xl) . ..) xi, . ..) x,) and y= (~1, . . . . yi, . . . . Y,), we put (xi, 9,)~ 
(Y 1, .*., Yi- I, xi, Yi, , > ...1 YJ 
THEOREM 2. Let X,, . . . . X,, (n > 2) be H-spaces and let A,, . . . . A,, be n 
subsets of X= l-I:=, Xi, such that: 
(10) for euery i= 1, . . . . n and for every xi~Xi the section A,(xi)= 
{ ji E J?i: (xi, 3,) E Ai} is compactly open irt 2;; 
(11) for every i=l,..., n and for every j, E Ri the section A,($,) = 
{xi E Xi: (xi, ji) E Ai} is nonempty and H-convex in Xi; 
(12) for at least n - 1 indices ie { 1, . . . . n}, there is an H-compact 
Ki c Xi such that Bi\U,,, K, ai is compact. 
Then fly=, Aif@. 
Proof We can assume that (12) holds for every i = 2, . . . . n. By ( 11) for 
every i = 1, . . . . n we have 
$= u Ai( (13) 
r,tx 
Indeed, if there is an index j E { 1, . . . . n > and jjj E Xj but jj 4: Aj(xj) for every 
xj E X,, we have (xi, j,) $ Aj for every x, E Xj and so Aj(jj) = 0, and this 
is absurd. By (lo), (12), and (13) for i= 2, . . . . n there is a finite set 
{xf ) x,2, . ..) xp} c X, such that Xi\U4EK, A,(x,) c U:=, 2,(x:) and hence 
-(iJJ, Ai(x (14) 
Moreover, let Die Xi, i= 2, . . . . n, be compact, H-convex sets such that 
Di> Kju {x,!, . . . . x7}. By (14) we have 
J$c (J A;(xJ. (15) 
I, E D, 
Now we consider i= 1. As nyz2 Dj is compact in 8, and by (13) 
2, = u x,eX, A,(x,), there is a finite set {xi, . . . . xtl} c X, such that 
zi; hDci’;‘rC, ~~;~~oLet D, be a compact, H-convex subset of X, such 
1 , . . . . 1 . 
(16) 
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Therefore, by (15) and (16) we have 
fir, u ‘h(4) for every i = 1) . ..) n. 
X,ED, 
(17) 
Now, let us put D = ny=, D,. We endow D with the following structure of 
H-space: for every finite set B = {d’, . . . . d”} c D with d’ = (d t, . . . . d:), . . . . 
d”=(dy, . . . . dr), we define r,=n:=, rB,, where Bi= {df, . . . . dy} c D, 
and Ta, c Dj is the associated contractible set in Xi. 
Let S: D + D be the multifunction defined by S(x) = { y E D: pi E A, (xi), 
for every i}. We will show that all the assumptions of Theorem 1 are 
satisfied. Indeed, for every x ED, S(x) = D n (fly=, pi1 (Ai(x, where 
pi: X-r Bi is the canonical projection, is open in D. Moreover, for 
every LED, S-‘(y)= {LED: y~S(x)}=nl=, {Ai(j,)nDi} is H-convex 
in D. If there is ,j~ { 1, . . . . n> such that A,(gj) n Di = a, then for every 
ZE D,, (z, ij)$ A,; i.e., $,+A,(z), for every ZE D,. Then, j,~Ed, but 
j,+ LD, A,(z) and this contradicts (17). Therefore, by Theorem 1 there is 
XE D such that XE S(x); that is, iieA^,(x,) for every i= 1, . . . . n and so 
(x,, ai) E Ai for every i = 1, . . . . n, i.e., x E ny=, A,. The theorem is thus 
proved. 
A consequence of Theorem 2 is the following corollary which extends 
previous results of Fan [9, Theorem 21 (see also Fan [ 10, Theorem 31) 
and Browder [7, Theorem 121. 
COROLLARY 2. Let X1,..., X, he H-spaces, X = l-I:= , Xi, and let E he a 
partially ordered set. Let i., , . . . . I,, E E and ,fi, . . . . f,,: X -+ E he n ,functions 
such that: 
(18) for every i = 1, . . . . n and,for every xi E Xi the set { .?, : ,f; (x,, a,) > di} 
is compactly open; 
(19) foreueryi= l,...,r~andforeveryZ~~i,, theset {~~:f,(x,,~~)>E,~} 
is H-convex; 
(20) for at least n- 1 indices iE { 1, . . . . n} there is an H-compact 
KicXi such that the set {Y?~E~;:~~(x~,,?~) % ii, for every xieKj} is 
compact; 
(21) for every i = 1, . . . . n and for every f, E Bj there is yi E X, such that 
fi(Yi, ?j) > ii. 
Then, there is x E X such that fi(x) > li, ,for every i = 1, . . . . n. 
Proof. For every i=l,...,n let Aj={x~X:,fj(x)>Aj}. By (18), for 
every X,E Xi, the set ai = {ai6 8,: (xi, ai) E Ai} is compactly open in 
2;; by (19) and (21), for every iie fi the set A,(ai) = {x, E Xi: (x,, i,) E Ai} 
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is nonempty and H-convex. As (20) clearly implies condition (12) then 
fly= i Ai # @; i.e., the conclusion follows. 
In order to use Corollary 2 to prove minimax theorems, it is useful to 
reformulate it when E is a topological Riesz space (see [20, p. 481). 
COROLLARY 3. Let XI,..., X, be H-spaces and let X = nl= , Xi. Let 
(E, C) be a topological Riesz space, where C is the closed positive cone with 
a nonempty interior C?. Let A,, . . . . &, E E and f, , . . . . .f,: X + E be n functions 
such that: 
(22) for every i = 1, . . . . n and for every xi E X, the set {xi: f, (xi, a,) E 
li + C?} is compactly open; 
(23) for every i = 1, . . . . n and,for every ii~ Xi, the set {xi: fi(xi, ai) E 
ljl- t> is H-convex; 
(24) for at least n - 1 indices ie { 1, . . . . n} there is an H-compact 
KicXi such that the set {aj~8i:fi(~,,~i)~jli+~, for every x,EK,} is 
compact; 
(25) for every i= 1, . . . . n and for every x’, E Xj there is y, E X, such that 
fi(Yz, ai)EAi+e. 
Then, there is x E X such that f, (x) E 2; + e’, for every i = 1, . . . . n. 
Proof Apply Theorem 2 to the sets A,= {x~X:f,(x)~&+~}, 
i=l n. > .. . . 
3. MINIMAX THEOREMS 
We recall the following well-known property of the above-mentioned 
Riesz spaces, which plays an important role in the minimax theorems: 
as e#@, for every ,~LEE the family {[cl-J.,P+%]:~E~> is a 
neighborhoods base of p (see [20, p. 4751). 
Note that conditions (30) and (34) below are automatically satisfied if Y 
is compact. So Theorems 3 and 4 below extend Sion’s generalization [22] 
of Von Neumann’s minimax theorem [21], and special cases of recent 
results of Lassonde proved for convex spaces [ 19, Theorem 1.1 l] and Ha 
[ 15, Theorem 21. 
THEOREM 3. Let X, Y be two H-spaces and let (E, C) be an order- 
complete topological Riesz space, where C is the closed positive cone with a 
nonempty interior c. Let f: Xx Y + E be a function such that: 
(26) for every XE X and for every 1 E E the set [y E Y: f(x, y) E 
A+ e} is compactly open and the set { y E Y: f (x, y) E A - C} is H-convex; 
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(27) ,for every y E Y und for every jti E E the set {x e X: f(x, y ) E 
1. - C} is compactly open and the set {x E X: f (x, y) E A + C} is H-convex; 
(28) for every XE X, f(x,.) is bounded below and inf,, Y.f(x, y)~ 
f( (x} x Y) (here f( (x} x Y) denotes the closure of the set f( {x) x Y)); 
(29) for every y E Y, f ( ., y) is bounded above and sup ye x f (x, y) E 
f(Xx (y)); 
(30) there is an H-compact set Kc X such that ,for every A E E the set 
{ y E Y: f (x, y) $ A + C, for every x E K} is compact. 
Then 
sup inf f(x, y)= inf sup f(x, y). 
YEXI’EY YE Y IEX 
Proof We set tl=~up,~~inf,..,f(x, y) and B=infi..,sup,.,f(x, y). 
It is easy to show that ~1, /I E E and c( < p. To prove that /I < c( we put 
fi(x, y)=f(x, Y), f2(x, Y)= -f(x, Y), and AI =P-Y, &= -E-Y, 
where y is a fixed point in e. We apply Corollary 3 of Section 2 for n = 2. 
As hypotheses (22), (23), (24) of Corollary 3 are easily verified, only (25) 
of the same corollary requires a proof. For every fixed y E Y, put 
s(y) = supxE x fi(x, y). We have s(y) E 2, + c; i.e., there is a neighborhood 
V of OeE such that s(y)+ I/ci,+e. Then by (29) there is XEX such 
that f,(x, y) E s(y) + Vc 1, + c. Analogously we prove that for every x E X 
there is YE Y such that fi(x, y)~ A, + &. Then by Corollary 3 there is 
(x,, y,)~Xx Y such that f(x,, Y,)E(A, +C)n(-AZ-C); i.e., f(xy, y,)~ 
(P-Y+C)n(a+y-C). Therefore /I---y<cr+y for every yEC?and hence 
j < a. 
THEOREM 4. Let X, Y be two H-spaces and let (E, C) be an order- 
complete topological Riesz space, where C is the closed positive cone with a 
nonempty interior C. Let f: Xx Y + E be a function such that for every 
~~(inf,,.,sup,,,f(x, y))-e we have 
(31) for every x E X, the set { y E Y: f(x, y) E 1, + C} is compactly open 
and the set { y E Y: f(x, y) 3 A} is H-convex; 
(32) for every y E Y, the set {x E X: f (x, y) 2 A} is compactly closed 
and the set {x E X: f (x, y) E A + C} is H-convex; 
(33) for every x E X, f (x, . ) is bounded below and for every y E Y, 
f ( ., y) is bounded above; 
(34) there is an H-compact Kc X such that the set { y E Y: f(x, y) 4 
A+ C, for every x E K} is compact in Y. 
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Then f satisfies at least one of the following properties: 
(35) inf,. y SUP,EXf(x,Y)=sUPxEXinf,.,f(x,y); 
(36) there is y, E Y and 1 E (inf,“. ,, sup,, X f(x, y)) - e such that 
f (x, yO) 4 I + C? for every x E X. 
Proof: We put ~(=sup,~~inf~~,f(x, y) and j?=inf,.,sup,.,f(x, y). 
It is sufficient to prove that j3 < CI. Let 2 E B - e, A, = {(x, y) E Xx Y: 
f(x,y)EI++e}, and B,= {(x,y)EXxY:f(x,y)%J}. Clearly A,nB,=@, 
for every A ~j3 - I?. As the sets An and B, verify all the assumptions of 
Theorem 2 (in the case n =2) excepting A,(y) # 0 and B,(x) # 0, then 
for every % E /I - C? at least one of these cannot be satisfied. If A,(y) # 0 for 
every AED- C? and YE Y, then for every 1~/3-- e we must have X,EX 
such that Bj,(x~) = 0. Therefore for every YE Y, f(x,, y) 21 and SO 
inf,.,f(x,, y)3& i.e., c1> A for every ,? E /I - C?. Hence we have (35). 
Otherwise we have (36). 
The following corollary gives a second minimax equality. 
COROLLARY 4. Under the same hypotheses of Theorem 4, tf for every 
YE Y, sup.,EXf(x, y)Ef(Xx {Y}), then (35) holds. 
Proof We have only to prove that the set A,(y) = {x E X: f(x, y) E 
A+ C?} is nonempty for every y E Y and for every 2 E B - C?. As ;1 E /3 - e, 
for every y E Y, A E supxc X f (x, y) - C? an d so by hypothesis there is x E X 
such that f(x, y) E /2. + &; thus (35) holds. 
Finally we prove a further minimax theorem under mild assumptions 
on .f: 
THEOREM 5. Let X, Y be two H-spaces and let E be a (Dedekind) 
complete lattice. Let f: Xx Y -+ E be a function such that 
(37) for every x E X, f (x, ’ ) is bounded below and for every y E Y, 
f( ., y) is bounded above; 
(38) for every A> supXcX inf,,. r f (x, y) and for every y E Y the set 
{x E X: f (x, y) ~4 A} is H-convex; 
(39) for every 2 > supXE X inf,. y f(x, y) and for every x E X the set 
{ y E Y: f (x, y) d A} is compactly closed; 
(40) for every A> sup,, X inf,. y f(x, y) there is an H-compact set 
KC X such that the set { y E Y:f(x, y) < A, for every x E K} is compact in Y, 
(41) for every A > supXEX inf,. y f(x, y) there is a continuous function 
si, : X -+ Y such that for every x E X we have f (x, s1 (x)) Q 2. 
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inf sup .f(.X, y) = sup inf f’(~, y). 
,tY rtx xtX I’S Y 
ProoJ Let us put c( = sup \t X inf,.. y f(x, y). Chose I > CI, and let 
A,={(x, JJ)EXX Y:.f'(x, y) & n}, Z=Xx Y, and g(x, y)=(x, y) for 
every (x, y) E Xx Y. All the assumptions of Theorem 1’ of Section 1 are 
verified with the exception that the sets A;.(y) = {x E X: f(x, y) $ 2) are 
nonempty for all YE Y. As by (41) the thesis of Theorem 1’ does not hold 
fors=s,, and there isy,E Ysuch that A,(yJ=(ZI. That is,f(x, y,)dl for 
every XEX. Thus j=inf!. ysup,,X, f(x, y) 6 J for every i > LX. Therefore 
/? < CI, and so the conclusion is true. 
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